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Abstract

Modelling of the behaviour of fuels and targets containing minor actinides is still difficult because of very limited

information on their thermal and mechanical properties. Integral analysis based on the sound physical models and

on the similarity principle can be very useful in this situation. In the current article, a combination of macroscopic

and microscopic approaches is used for development of an equation of state (EOS) for actinide dioxide fuels. Based

on simple but physically complete models of phonon and electron spectra, the EOS was deduced in quasi-harmonic

approximation, and useful relationships bounding thermal and mechanical properties were obtained. They were firstly

tested with calculation of the specific heat and the coefficient of thermal expansion of UO2 and ThO2. A good agree-

ment with the experimental data was demonstrated in the temperature range of 30–1600 K. Then the model was suc-

cessfully applied to NpO2 and PuO2. Lack of experimental data on thermal properties of AmO2 and CmO2 in open

literature did not allow the reliable comparison.

� 2005 Elsevier B.V. All rights reserved.
1. Introduction

Modelling of thermal and mechanical properties of

actinide oxide fuels with a high concentration of pluto-

nium (Pu) and minor actinides (MA) is a problem of

considerable importance in the design of new generation

reactors devoted to their burning. In literature this kind

of data are very scarce and often show a wide spread be-

cause of the difficulties related to their production and

properties measurement. Few sophisticated techniques

have been used for estimation of the thermomechanical

properties of UO2, ThO2 and MOX: molecular dynam-

ics was used by Basak et al. [1], Kurosaki et al. [2] and

Lindan and Cillanet [3], Dolling et al. [4] used the lattice

dynamic approach and the shell model. These tech-
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niques, however, are difficult and the obtained results

can not be directly implemented in the fuel performance

codes. In many cases a combined simplified physical

modelling and the similarity principle allow to deduce

the missing data basing on the data of the well known

materials. The merit of this approach is the basic under-

standing and a possibility to extrapolate the data out of

the range of measurements.

This article presents the first results obtained with

this approach for some actinide dioxides of interest:

ThO2, NpO2, UO2, PuO2, AmO2, and CmO2. In the next

chapter, a brief reminder is given about the equation of

state (EOS) and its use for calculation of the thermody-

namic properties of solids. The third chapter describes

the approaches used for construction of the AnO2

EOS. Then the obtained EOS is used for deduction of

the relationships for specific heat and coefficient of

thermal expansion. At the end, the results of the model

validation by predicting the properties of UO2 and ThO2
ed.
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and its application to PuO2, NpO2, AmO2 and CmO2

are discussed and compared with the available data.
2. Equation of state and relations between thermal and

mechanical parameters

Once EOS is known for a solid, one can determine its

various thermodynamic (TD) properties at equilibrium.

Two types of EOS are mostly used – caloric and thermal.

The first expresses one of TD potentials (e.g. the Helm-

holtz free energy F) through the TD variables (pressure

p, volume V, temperature T, . . . ): F = F(V,T), the second

bounds the TD variables themselves: p = p(V,T). These

two types of EOS are interrelated

pðV ; T Þ ¼ � oF ðV ; T Þ
oV

� �
T

ð1Þ

and determine the main TD parameters of a solid: the

isobaric coefficient of thermal expansion (CTE)

ap � 1
V ðoVoT Þp, the isothermal bulk modulus BT �

�V ðop
oV ÞT , the isochoric heat capacity CV ¼ �T ðo2F

oT 2 ÞV ,
the isobaric heat capacity Cp ¼ CV þ a2p � BT � V � T .

One of the most recognised theoretical approaches

used for the EOS deduction is the microscopic statistical

approach, which considers a solid as a �special box� filled
with a gas of quasi-particles related to atom vibrations

(phonons) and to electronic excitations. The Helmholtz

free energy (caloric EOS) of this system is a sum of the

solid static energy, the phonon free energy and the con-

tribution of all types of the electronic excitations:

F ðV ; T Þ ¼ E0 stðV Þ þ F phðV ; T Þ þ F elðV ; T Þ. ð2Þ

In the quasi-harmonic approximation, the phonon

free energy of the ideal solid with the volume V can be

presented as follows [5]:

F phðV ; T Þ ¼ Eph 0ðV Þ þ 3Nat � kBT

�
X
i

Z xmax

0

ln 1� e
��h�xðV Þ

kBT

� �
� fiðxðV ÞÞdx;

ð3Þ

where i is the index of the phonon branch; x the phonon

angular frequency; f(x) the phonon spectrum; �h the

Planck�s constant; kB the Boltzmann constant and Eph0

the energy of the lattice vibrations at T = 0 given by

the expression:

E0 phðV Þ ¼
3Nat � �h

2
�
X
i

x0iðV Þ. ð4Þ

At T < 2000 K the electronic component of free

energy will mainly be determined by the excitations of

the unpaired localised electrons [6]:

F elðV ; T Þ ¼ E0 elðV Þ � kBT � ln
X
j

gj � e
�eejðV Þ
kB �T ; ð5Þ
where eej is the electron energy at the jth level; gj the

degeneracy of the jth level; E0 el(V) � const-energy of

the ground state level which can be assumed to be zero

for the excitations.

The static energy of the lattice can be deduced from

the well known EOS of Kumar [7], assuming that in

the considered region of temperature and pressure

(V�V0)/V0 � 1:

E0stðV Þ �
BT 0

� ðV � V 0Þ2

V 0

. ð6Þ

The thermal EOS can be obtained from the caloric

EOC (2) by using Eq. (1):

pðV ; T Þ ¼ � 2BTo � ðV � V 0Þ
V 0

þ 3Nat � �h
V

X
i

cGi

� xi0

2
þ hxii

� �
þ Nat

oej
oV

� �
; ð7Þ

where cGi � � oðlnhxiiÞ
oðln V Þ is the Grunëisen parameter for the

ith phonon branch; hxii ¼
R xmax

0

xðV Þ�fiðxÞ dx
expð�h�xðV Þ=kBT Þ�1

-average

phonon frequency in the ith branch;
oeej
oV

D E
¼P

j
gj �e

�eej=kBT �
oeej
oVP

j
gj �e

�eej=kBT
.

Eq. (7) can be considered as a generalised quasi-har-

monic Grunëisen EOS where anharmonic interactions

are taken into account through dependence of the pho-

non frequencies upon the volume. The spectra of pho-

nons and electronic excitations have to be determined

for the considered system.
3. Phonon spectrum model

Some simplified models of the solid phonon spectrum

are used in practice. The most known is the Debye model

which considers a solid as non-dispersive elastic contin-

uum with the linear relationship between the phonon

frequency and the wave vector. The optical modes are

neglected in this model, therefore its application to the

solids with more than one atom in the primitive cell

can lead to incorrect results. The most simple possibility

to take into account the optical phonons is to describe

them with the Einstein model, which postulates that

the vibrations of all atoms have the same frequency

[5,8]. However, this is very far from the reality and can

produce erroneous conclusions for solids with a complex

primitive cell.

AnO2 has the fluorite type crystal structure with the

polyhedral primitive cell containing three complete

atoms – one An and two O (Fig. 1). Therefore its phonon

spectrum consists of nine branches: three acoustic trans-

lational vibrations (one with the longitudinal polarisa-

tion – LA, and two identical branches with the

transverse polarisation-2 · TA) and six optical branches,
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Fig. 2. The proposed simple model of UO2 phonon spectrum

(a) and the phonon spectrum obtained with the shell model (b)

in Ref. [4].

Fig. 1. Primitive cell of AnO2 crystal.

200 V. Sobolev / Journal of Nuclear Materials 344 (2005) 198–205
describing the atoms vibrations within the cell (two dou-

bly degenerated transverse: 2 · TO1, 2 · TO1, and two

different longitudinal: LO1, LO2) [4]. In order to con-

struct a simple spectrum model, the first Brilluen zone

(BZ) corresponding to the primitive cell above was

approximated by the sphere with a diameter of 2p/a 0,

where a 0 is the distance between two neighbour An atoms

in the primitive cell. Then the spectrum of the acoustic

branches was described with the Debye functions, and

that of the optical branches-with the stepwise functions.

The maximum frequencies for the acoustic branches were

found from the dispersion relations, taking into account

the Bragg�s limitation on the maximum wave vector:

xAi ¼ kmax � vi ¼
p � vi
a0

ði ¼ 1; 2; 3Þ; ð8Þ

where vi is the velocity of sound with the polarization i.

Taking into account the details of the UO2 phonon spec-

trum obtained in [4] (see Fig. 2), we proposed a simpli-

fied optical phonon spectrum containing only two

branches: one doubly degenerated longitudinal and

one quadruple degenerated transverse. In order to fix

the limiting frequencies ximin and ximax, the following

assumptions were made:

– two longitudinal optic branches were presented as a

large stepwise doubly degenerated branch

(LO1 + LO2 ! 2 · LO with the lowest frequency

equal to the highest frequency of the longitudinal

acoustic branch and with three times greater the

highest frequency;

– doubly degenerated transverse optic branches were

presented by a large stepwise quadruple degenerated

branch (2 · TO1 + 2 · TO2 ! 4 · TO with the same

lowest frequency as that of the longitudinal optic

branch and with the highest frequency determined

by the Lyddane�s relationship [4].

Using the assumptions above, one can present the

AnO2 phonon spectrum model as follows:
fphðxÞ ¼
x2 � SignðxLA � xÞ

3x3
LA

þ 2x2 � SignðxTA � xÞ
3x3

TA

þ 4

9
� Signðx� xTOminÞ � Signðx� xTOmaxÞ

ðxTOmax � xTOminÞ

þ 2

9
� Signðx� xLOminÞ � Signðx� xLOmaxÞ

ðxLOmax � xLOminÞ
.

ð9Þ

Comparison of this model with the spectrum ob-

tained by Dolling shows that it reflects rather satisfac-

tory the main features of the UO2 spectrum (Fig. 2).

4. Free energy, heat capacity and linear thermal expansion

of AnO2 system

The phonon spectrum (9) allows to deduce the fol-

lowing caloric EOS for AnO2 system:

F ðV ; T Þ

¼ BTo � ðV � V 0Þ2

V 0

þ 3NatkB
2

� hALðV Þ
12

þ hAT ðV Þ
6

�

þ hOLmaxðV Þ � hOLminðV Þ
9

þ 2 � ðhOLmaxðV Þ � hOLminðV ÞÞ
9

�

þ 3Nat � kBT � 1

3
ln 1� e�

hAL ðV Þ
T

� �
� 1

9
D3ðhALðV Þ=T Þ

	

þ 2

3
ln 1� e�

hAT ðV Þ
T

� �
� 2

9
D3ðhAT ðV Þ=T Þ

þ 2

3
ln 1� e�

hOLmax ðV Þ�hOLmin ðV Þ
T

� �
� 2

9

� hOLmaxðV Þ � D1ðhOLmaxðV Þ=T Þ � hOLminðV Þ � D1ðhOLminðV Þ=T Þ
hOLmaxðV Þ � hOLminðV Þ

þ 4

3
ln 1� e�

hOT max ðV Þ�hOT min ðV Þ
T

� �
� 4

9
� hOT maxðV Þ � D1ðhOT maxðV Þ=T Þ � hOT minðV Þ � D1ðhOT minðV Þ=T Þ

hOT maxðV Þ � hOT minðV Þ

� 1

9
ln

X
j

gj � e�
hej ðV Þ

T

 !)
; ð10Þ
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where

hph i �
�h � xi

kB
; hej ¼

eej
kB

;

phonon and electron characteristic temperatures, and

DnðyÞ ¼
n
yn

�
Z y

0

xn dx
expðxÞ � 1

;

the first kind Debye integrals of the nth order.

Two first terms of (10) describe the ground state

energy, the last term is the electronic excitation compo-

nent, and all other describe the contribution of acoustic

and optic phonons to TD potential. The thermal EOS

can be deduced from (10) by using (1):

pðV ; T Þ ¼ � oE0

oV
þ 3Nat � T

V

� 1

3

X3
i¼1

cGi � D0
3ðhi=T Þ

"
þ 1

9

X9
i¼4

cGi

� himax � D0
1ðhimax=T Þ � himin � D0

1ðhimin=T Þ
himax � himin

�

þ oeej
oV

� �
; ð11Þ

where

D0
nðyÞ ¼

n
yn

�
Z y

0

xnþ1 � expðxÞ � dx
ðexpðxÞ � 1Þ2

;

the second kind Debye integral of the nth order.

The isochoric heat capacity can be obtained by the

double differentiation of (10):

CV ¼ 3kBNat �
1

3
�
X3
i¼1

D0
3ðhi=T Þ þ

1

9

"

�
X9
i¼4

himax � D0
1ðhimax=T Þ � himin � D0

1ðhimin=T Þ
himax � himin

#

þ kBNat

3

X
j

gj �
hej
T

� �2

� ehej=T

ðehej=T � 1Þ2
. ð12Þ

CTE can be expressed through the bulk elastic mod-

ulus BT and the derivative of pressure over temperature.

Assuming that the Grüneisen constants are independent

of temperature, one can obtain from (12):

ap ¼
1

BT
� op

oT

� �
V

¼ 1

BT ðT Þ � V
�
X9
i¼1

cGi � CV iðV ; T Þ þ V � o
2heeji
oV oT

; ð13Þ

where CV i(V,T) is the heat capacity of the ith phonon

branch. If the Grüneisen constants are the same in all

the modes, and the spectrum of electronic excitations

does not depend on temperature, then the last expres-

sion can be transformed to well-known relationship:
apðV ; T Þ ¼
cG � CV ðV ; T Þ
BT ðT Þ � V

. ð14Þ
5. Results of calculations and experimental data

In order to be able to use the obtained above formu-

lae for calculation of the AnO2 thermal properties, the

input information about their lattice parameters and

the longitudinal and transverse sound velocity vL and

vT has to be known, which are determined by the

Young�s (Es) modulus, the Poisson�s ratio (l) and den-

sity (q). The recommended values of these parameters

at standard temperature and pressure (STP) are pre-

sented in Table 1. Unfortunately, we did not found all

needed elastic constants, therefore the approximation

l � 1/3 has been used when appropriate. The localised

electron excitation levels found in literature are pre-

sented in Table 2.
5.1. Uranium dioxide

UO2 case has been analysed first for the model vali-

dation. The characteristic temperatures were calculated

on the basis of the lattice parameter and elastic con-

stants recommended for the UO2 monocrystal [4,12].

The temperature dependence of the bulk elastic modulus

was taken from [13]. For the TD Grüneisen parameter

the value of 1.9 was recommended in [14] as the best esti-

mate. The contribution of different mechanisms to the

UO2 heat capacity is illustrated by Fig. 3. In the consid-

ered temperature range of 30 to 2000 K, the normal har-

monic vibrations of the lattice play the dominant role.

The relative electronic contribution is maximum 5–7%

and reduces with temperature at T > 300 K. Contrary,

the anharmonic contribution related to the lattice

expansion increases with temperature and reaches about

20% at T = 2000 K. Fig. 4 shows that the calculated heat

capacity is in good agreement with the experimental

data [16,27,30–32] in the large temperature range from

40 to 2000 K. The agreement between the calculated

and recommended [15,27,33] values of the volumetric

CTE is less good (Fig. 5). The model underestimates

CTE at T > 1700 K. It can be due to higher anharmonic

or defect contribution.
5.2. Thorium dioxide

The input elastic parameters for ThO2 were selected

from non-exhaustive published data on polycrystalline

thorium dioxide [13,16–19]. The same value of the

Grunëisen parameter was used (e.g. cG = 1.9). An excel-

lent agreement between the calculated and recommended

in [16] values of the specific heat was obtained in the



Table 1

Some parameters of the actinide oxides of interest at STP [9,12,15,18,29]

ThO2 UO2 NpO2 PuO2 AmO2 CmO2

Molecular mass g/mol 264.037 270.029 269.047 271.051 275.060 279.062

Lattice parameter 10�10 m 5.5968 5.4704 5.425 5.396 5.3772 5.359

Theoretical density kg/m3 10002.5 10956.2 11192.8 11458.9 11751.3 12043.6

Young modulus 1011 Pa 2.61 2.334 (. . .) 2.684 (. . .) (. . .)

Poisson�s ratio – 0.28 0.32 (0.333) 0.28 (0.333) (0.333)

Bulk isothermal modulus 1011 Pa 1.98 2.11 2.00 (. . .) (200) (. . .)

Table 2

Levels of excitation of the localised electrons (in cm�1) [10,11]

Level ThO2 UO2 NpO2 PuO2 AmO2 CmO2

k1 0 – 3 · 0 2 · 0 1 · 0 2 · 0 –

k2 1 – 2 · 1246 4 · 465.3 3 · 922.8 4 · 328 –

k3 2 – 3 · 1372 2 · 2051 3 · 1776.4 – –

k4 3 – 1 · 1425.5 – 2 · 2152.5 – –
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temperature region from 20 to 1800 K. CTE is rather well

described by the model at low and middle temperatures

(Fig. 6). At low temperatures, the values recommended

in [17] are probably not correct because of a very strong

deviation from the �cubic temperature law�. The model

overestimates CTE at T > 1300 K, and this difference in-

creases almost linearly with temperature. It could be due

to the used assumption that the level of anharmonicity

(cG) in ThO2 is the same as in UO2.

5.3. Neptunium dioxide

Most of the input parameters have been taken from

the recent publications [20–23]. A rather good agree-
ment between the available experimental data and

the results of calculations is demonstrated in Figs. 7

and 8.
5.4. Plutonium dioxide

The room temperature parameters of PuO2 for the

model input were taken from [15]. A satisfactory agree-

ment exists between the calculated and experimental

values of the heat capacity at low (30–400 K) [16] and

high (>1400 K) [24,34] temperatures (Fig. 9). A dis-

agreement at intermediate temperatures could be due
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to a more defective structure of PuO2 caused by self-

irradiation, or due to unknown higher levels of the

electron excitations. The satisfactory results were

obtained for CTE at temperatures T > 300 K

(Fig. 10).
5.5. Americium dioxide

The information about AmO2 mechanical parame-

ters is missing, therefore a value of 200 GPa for the bulk

elastic modulus obtained with molecular dynamic
modelling was used in the calculations. The calculated

heat capacity of AmO2 was compared with the recom-

mendations of [25,26]. A good agreement was obtained

with the results of [25] in the region of 300–1600 K

(Fig. 11).

5.6. Curium dioxide

The missing input data for CmO2, was replaced by

those of AmO2 except the spectrum of electronic excita-

tions (in [25] it was indicated that the electronic
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excitations are absent in CmO2). The results and recom-

mendations of [11] and [26] are presented in Fig. 11. The

model underestimates the CmO2 heat capacity, indicat-

ing to the existence of another (than phonon) contribu-

tion. We found only two references with the constant

(perhaps mean) values of the linear CTE for americium

oxides: 1.016 · 10�6 K�1 in [11] and 8.1 · 10�6 K�1 was

cited in [28] but for Cm2O3. In the temperature range of

300–650 K, the model yields the mean linear CTE of

0.7 · 10�6 K�1. An increase in the lattice parameter

due to self-irradiation defects related to a-decay of cur-

ium could be the most probable reason of this

disagreement.
6. Conclusions

In the framework of studies of thermal and mechani-

cal performances of oxide fuels with a high content of

MA, a simplified model of EOS of actinide dioxides

was developed based on a quasi-harmonic approxima-

tion for lattice vibrations and a discrete spectrum for

electronic excitations. Some improved expressions were

deduced allowing to calculate the isochoric and isobaric

specific heat and the isobaric coefficient of thermal

expansion in a large temperature range. The developed

model was validated with the available data on TD prop-

erties of UO2 and ThO2. Rather good agreement was ob-

tained for the specific heat in the temperature range of

25–1800 K and for the coefficient of thermal expansion

in the range of 400–1700 K. The model was also applied

for calculation of the heat capacity and the thermal

expansion of PuO2 and minor actinide dioxides: NpO2,

AmO2, CmO2. A very good agreement was obtained

for NpO2. Some underestimation of PuO2 heat capacity

in the range of medium temperatures should still be ex-

plained. Lack of experimental data on thermal properties

of AmO2 and CmO2 did not allow a reliable comparison.

The developed methodology can be applied for the

prognosis of thermal properties of other forms of nucle-

ar fuel for which the data are still unavailable or

incomplete.
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